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Abstract
We study the smoothness property of a function f with absolutely convergent Fourier series, and give best possible sufficient
conditions in terms of its Fourier coefficients to ensure that f belongs to one of the Zygmund classes Λ∗(α) and λ∗(α) for some
0 < α  2. This paper is a natural supplement to our earlier one [F. Móricz, Absolutely convergent Fourier series and function
classes, J. Math. Anal. Appl. 324 (2) (2006) 1168–1177] under the same title, and we keep its notations.
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1. Introduction
Let {ck: k ∈ Z} be a sequence of complex numbers, in symbol: {ck} ⊂ C, such that∑
k∈Z
|ck| < ∞. (1.1)
Then the trigonometric series∑
k∈Z
cke
ikx =: f (x) (1.2)
converges uniformly and it is the Fourier series of its sum f .
In this paper, we consider only periodic functions with period 2π . Let α > 0. We recall that the Zygmund class
Λ∗(α) consists of all continuous functions f for which∣∣f (x + h) − 2f (x) + f (x − h)∣∣ Chα for all x and h > 0,
where C is a constant depending only on f ; while the little Zygmund class λ∗(α) consists of all continuous functions f
for which
lim
h→0h
−α[f (x + h) − 2f (x) + f (x − h)]= 0 uniformly in x.
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function, and due to periodicity, f is a constant function.
2. New results
Our first theorem is a generalization of [3, Theorem 3], which was in turn a generalization of [1, Theorem 3].
Theorem 1. Assume {ck} ⊂ C is such that condition (1.1) is satisfied and f is defined in (1.2).
(i) If ∑
|k|n
k2|ck| = O
(
n2−α
)
, n = 1,2, . . . , (2.1)
for some 0 < α  2, then f ∈ Λ∗(α).
(ii) Conversely, let {ck} be a sequence of real numbers such that
ck  0 for all |k| 1. (2.2)
If f ∈ Λ∗(α) for some 0 < α  2, then (2.1) holds.
The counterpart of Theorem 1 for λ∗(α) reads as follows.
Theorem 2. Let 0 < α < 2. Both statements in Theorem 1 remain valid if the big ‘O’ in condition (2.1) is replaced by
little ‘o’ as n → ∞, and f ∈ Λ∗(α) is replaced by f ∈ λ∗(α).
Remark 1. If 0 < α < 2, then condition (2.1) is equivalent to the following one:∑
|k|n
|ck| = O
(
n−α
)
, n = 1,2, . . . ; (2.3)
and this equivalence remains valid if the big ‘O’ is replaced by little ‘o’ as n → ∞ in both (2.1) and (2.3). Both of
these equivalence claims are special cases of Lemmas 1 and 2 in the next Section 3, respectively.
Remark 2. In the particular case α := 1, the above Theorems 1 and 2 were proved in [3, Theorems 3 and 4] in a more
complicated form and way. Furthermore, it is worth noting that [3, Theorems 1 and 2] for 0 < α < 1 are corollaries of
the above Theorems 1 and 2, due to the equivalence of condition (2.3) with the following one:∑
|k|n
|kck| = O
(
n1−α
)
, n = 1,2, . . . ; 0 < α < 1; (2.4)
as well as the equivalence of the little ‘o’ versions of (2.3) and (2.4); and the well-known facts that
Λ∗(α) = Lip(α) and λ∗(α) = lip(α), 0 < α < 1.
3. Proofs
We recall two auxiliary results of [3, Lemmas 1 and 2].
Lemma 1. Let {ck: k = 1,2, . . .} be a sequence of nonnegative real numbers with ∑ ck < ∞.
(i) If δ > β  0 and
n∑
kδck = O
(
nβ
)
, n = 1,2, . . . , (3.1)k=1
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∞∑
k=n
ck = O
(
nβ−δ
)
, n = 1,2, . . . . (3.2)
(ii) Conversely, if δ  β > 0 and (3.2) holds, then (3.1) also holds.
Lemma 2. Let {ck: k = 1,2, . . .} be a sequence of nonnegative real numbers with ∑ ck < ∞. If δ > β > 0, then both
statements in Lemma 1 remain valid if the big ‘O’ is replaced by little ‘o’ as n → ∞ in both (3.1) and (3.2).
Proof of Theorem 1. First, assume that conditions (1.1) and (2.1) are satisfied. By (1.2), we have
∣∣f (x + h) − 2f (x) + f (x − h)∣∣
{ ∑
|k|n
+
∑
|k|>n
}
|ck|
∣∣eikh − 2 + e−ikh∣∣ := An + Bn, (3.3)
say, where n is defined by
n := [1/h], h > 0, (3.4)
and [·] means the integral part. Using the inequality
∣∣eikh − 2 + e−ikh∣∣= |2 coskh − 2| = 4 sin2 kh
2
 k2h2
and (3.4), we obtain
|An| h2
∑
|k|n
k2|ck| = h2O
(
n2−α
)= h2O(hα−2)= O(hα). (3.5)
On the other hand, applying Lemma 1 (with δ := 2 and β := 2 − α) and (3.4) yields
|Bn| 4
∑
|k|>n
|ck| = O
(
n−α
)= O(hα). (3.6)
Combining (3.3), (3.5) and (3.6) gives f ∈ Λ∗(α). This proves the first statement in Theorem 1.
Second, assume that conditions (1.1) and (2.2) are satisfied and that f ∈ Λ∗(α) for some 0 < α  2. Let h > 0,
then by (1.2) we may write that
∣∣f (h) − 2f (0) + f (−h)∣∣=
∣∣∣∣
∑
k∈Z
ck(2 coskh − 2)
∣∣∣∣Chα, (3.7)
where the constant C depends only on f .
Taking into account (2.2), it follows from (3.7) that∑
k∈Z
ck(2 − 2 coskh) = 4
∑
k∈Z
ck sin2
kh
2
 Chα, h > 0.
Making use of (3.4) and the well-known inequality
sin t  2
π
t for 0 t  π
2
,
we conclude that
n∑
|k|=1
k2ck 
Cπ2
4
hα−2 = O(n2−α), n = 1,2, . . . ,
which is (2.1) to be proved.
This proves the second statement in Theorem 1.
The proof of Theorem 1 is complete. 
Proof of Theorem 2. It goes essentially along the same lines as the proof of Theorem 1, while one has to use Lemma 2
instead of Lemma 1 (which explains the exclusion of the endpoint case α = 2). As to details, one may also consult the
proof of [3, Theorem 4]. 
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